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Abstract
We construct the R-operator – solution of the Yang-Baxter equation acting in the tensor
product πs1 ⊗πs2 of two infinite-dimensional representations of Faddeev’s modular double. This
R-operator intertwines the product of two L-operators associated with the modular double and
it is built from three basic operators generating the permutation group of four parameters S4.
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1 Introduction
We construct the solution of the Yang-Baxter equation
R12(u− v)R13(u)R23(v) = R23(v)R13(u)R12(u− v) (1.1)
where the operators Rik(u) are acting in the tensor product of two infinite-dimensional representa-
tions πsi ⊗ πsk of the modular double of Uq(sℓ2).
Firstly, we solve the defining RLL-relation [1]
R12(u− v) L1(u) L2(v) = L2(v) L1(u)R12(u− v) (1.2)
using as the main building blocks two operators. The first building block is an intertwining operator
for the equivalent representations πs and π−s, and the second building block is obtained from the
intertwining operator by some duality transformation.
The proof that the obtained R-operator obeys the general Yang-Baxter equation is based on the
Coxeter or star-triangle relation for two main building blocks.
The operator R12(u) was constructed in the work of A.Bytsko and J.Teschner [9] as a function
of the operator argument. We hope that our construction is simpler and allows generalization to a
higher rank [27,28]. It shows that R-operator can be represented in two forms: as a product of four
simple and explicit operators and as an integral operator.
In the last Section we consider some reductions of the obtained operator R12(u) and reproduce
the universal R-operator for the modular double from [2,5].
2 Modular double and intertwining operator
2.1 Modular double
We consider the modular double of Uq(sℓ2) introduced by L.D.Faddeev in [2]. This algebra is formed
by two sets of generators E ,K ,F and E˜ , F˜ , K˜. The usual relations for E ,K ,F
[E,F] = K
2−K−2
q−q−1
, KE = qEK , KF = q−1FK , (2.1)
1
where q = eipiτ (τ ∈ C and it is not a rational number), are supplemented by similar relations
for E˜, F˜, K˜ with parameter q˜ = eipi/τ . The generators E,F commute with E˜,F˜. The generator
K anti-commutes with E˜,F˜ and K˜ anti-commutes with E,F. This algebra possesses two central
elements – Casimir operators. One of them has the form
C =
(
q − q−1
)2
FE− qK2 − q−1K−2 + 2 , (2.2)
and the second is constructed out of E˜, F˜, K˜ and q˜ and its explicit expression is similar to (2.2).
We shall use the parametrization τ = ω
′
ω where the complex numbers ω and ω
′ with positive
imaginary parts are restricted by relation ωω′ = −14 . Then
q = exp
(
iπω′/ω
)
, q˜ = exp
(
iπω/ω′
)
,
and the change q ⇄ q˜ is equivalent to ω ⇄ ω′.
The representations of the modular double, introduced in [2], were investigated in [3–5]. In
the following we deal with representation πs of the modular double generators by finite-difference
operators Ks = πs(K) ,Es = πs(E) ,Fs = πs(F) in the space of entire functions rapidly decaying
at infinity along contours parallel to the real line. It is parameterized by one parameter s which we
refer to as a spin, and generators are given by the explicit formulae [5, 9]
Ks = e
− ipi
2ω
p ,
(q − q−1)Es ≡ es = e
ipix
ω
[
e−
ipi
2ω
(p−s−ω′′) − e
ipi
2ω
(p−s−ω′′)
]
,
(q − q−1)Fs ≡ fs = e
− ipix
ω
[
e
ipi
2ω
(p+s+ω′′) − e−
ipi
2ω
(p+s+ω′′)
]
,
(2.3)
where p denotes momentum operator in coordinate representation p = 12pii ∂x. The formulae for
generators K˜s , E˜s , F˜s are obtained by a simple interchange ω ⇄ ω
′. In the representation πs
Casimir operators (2.2) take the form
Cs = 4cos
2
(πs
2ω
)
, C˜s = 4cos
2
( πs
2ω′
)
. (2.4)
The formula (2.4) implies that representations πs and π−s are equivalent. In order to show this
explicitly, we construct the corresponding intertwining operator W as a solution of the defining
equations
WKs = K−sW , WEs = E−sW , WFs = F−sW (2.5)
and similar equations with generators K˜s , E˜s , F˜s. The explicit construction of intertwining operator
is given in [3] and we rederive it here for convenience. Intertwining operator W will be a basic
building block in construction of the general R-operator which solves the Yang-Baxter relation
(1.1).
The defining system (2.5) is equivalent to a set of functional relations which fix the intertwining
operator W unambiguously. The relations WKs = K−sW, W K˜s = K˜−sW imply that the inter-
twining operator is a function of momentum operator, W = W(p). Then relations WEs = E−sW,
WFs = F−sW and their dual lead to the finite-difference equations
W(p − ω′)
W(p + ω′)
=
cos pi2ω (p+ s)
cos pi2ω (p− s)
,
W(p − ω)
W(p + ω)
=
cos pi2ω′ (p+ s)
cos pi2ω′ (p− s)
. (2.6)
The solution of these finite-difference equations is given in terms of some special function.
2
2.2 Special functions
We shall use two basic special functions. The first one is non-compact quantum dilogarithm which
has the following integral representation
γ(z) = exp
−1
4
+∞∫
−∞
d t
t
eitz
sin(ωt) sin(ω′t)
 , (2.7)
where the contour goes above the singularity at t = 0. This function is closely related to double
sine function of Barnes [6], and in the context of quantum integrable systems L.D.Faddeev pointed
out in [7] its remarkable properties. The key formulae for γ(z) are given in [10–12].
We shall use notations
ω′′ = ω + ω′ , β =
π
12
(
ω
ω′
+
ω′
ω
)
. (2.8)
The function γ(z) respects a pair of finite-difference equations
γ(z + ω′)
γ(z − ω′)
= 1 + e−
ipi
ω
z ;
γ(z + ω)
γ(z − ω)
= 1 + e−
ipi
ω′
z
and reflection relation
γ(z) γ(−z) = eiβ eipiz
2
. (2.9)
The second function is
Da(z) = e
−2piiaz γ(z + a)
γ(z − a)
. (2.10)
In fact it coincides with the Faddeev-Volkov’s R-matrix [8, 25], and it is extensively used in the
paper [9]. The function Da(z) is even and it obeys a simple reflection relation
Da(z) = Da(−z) ; Da(z)D−a(z) = 1 (2.11)
and a pair of finite-difference equations
Da(z − ω
′)
Da(z + ω′)
=
cos pi2ω (z − a)
cos pi2ω (z + a)
;
Da(z − ω)
Da(z + ω)
=
cos pi2ω′ (z − a)
cos pi2ω′ (z + a)
. (2.12)
Note that the functions γ(z) and Da(z) are invariant at ω ⇄ ω
′.
Now we return to the equations (2.6) for the intertwining operator. Comparing (2.6) with (2.12)
one concludes that
W(p) = D−s(p) . (2.13)
Normalization constant in (2.13) has been chosen such that W−1(p) = Ds(p) due to (2.11). Using
formula for the Fourier transformation [9–12]
A(a)
+∞∫
−∞
dt e2piitzDa(t) = D−ω′′−a(z) ; A(a+ ω
′′) ≡ γ(ω′′ − 2a) e−
ipi
2
(2a−ω′′)2− ipi
2
β , (2.14)
it is possible to represent W as an integral operator. Indeed, due to (2.13) and (2.14) one has
WΦ(x) = A(s)
+∞∫
−∞
dx′ Ds−ω′′(−x
′) e2piix
′p Φ(x) = A(s)
+∞∫
−∞
dx′ Ds−ω′′(x− x
′) Φ(x′) . (2.15)
3
3 L-operator and its factorization
The L-operator is constructed out of generators of the modular double taken in the representation
πs (2.3) and has the form [9]
L(u) =
 e ipiω uKs − e− ipiω uK−1s fs
es e
ipi
ω
uK−1s − e
− ipi
ω
uKs
 . (3.16)
The L-operator respects standard intertwining relation with 4× 4 trigonometric R-matrix which is
equivalent to the set of commutation relations (2.1). The second L-operator is obtained from L(u)
by the interchange ω ⇄ ω′: L˜(u) = L(u)|ω⇄ω′ In the following we indicate formulae only for the
L-operator (3.16), and all relations for the L˜-operator have the same form with ω ⇄ ω′.
The L-operator (3.16) can be represented in the factorized form
L(u1, u2) =
(
U2 −U
−1
2
−U−12 e
ipi
ω
x U2 e
ipi
ω
x
)(
e−
ipi
2ω
(p−ω′′) 0
0 e
ipi
2ω
(p−ω′′)
)(
−U1 U
−1
1 e
− ipi
ω
x
−U−11 U1 e
− ipi
ω
x
)
U1 = e
ipi
2ω
u1 , U2 = e
ipi
2ω
u2
where we introduced parameters u1 and u2 instead of u and s
u1 = u+
s
2
+
ω
2
−
ω′
2
; u2 = u−
s
2
+
ω
2
−
ω′
2
. (3.17)
Note that in the notation L(u) we omit for simplicity the dependence on spin parameter s. Below
we shall use notation L(u1, u2) to show all parameters explicitly and the shorthand notations for
the building blocks in factorized representation
L(u1, u2) = Mu2(x)H(p)Nu1(x) (3.18)
where H(p) = diag
(
e−
ipi
2ω
(p−ω′′) , e
ipi
2ω
(p−ω′′)
)
and
Mu(x) =
(
U −U−1
−U−1 e
ipi
ω
x U e
ipi
ω
x
)
, Nu(x) =
(
U−2 − U2
)
M−1u (x) =
(
−U U−1 e−
ipi
ω
x
−U−1 U e−
ipi
ω
x
)
.
3.1 L±-operators
Taking one of the parameters to infinity we obtain reduced L-operators
e−
ipi
2ω
u2 L(u1, u2)→ L
+(u1) ≡
(
1 0
0 e
ipi
ω
x
)
H(p)Nu1(x) at u2 → +∞ ,
e−
ipi
2ω
u1 L(u1, u2)→ L
−(u2) ≡Mu2(x)H(p)
(
−1 0
0 e−
ipi
ω
x
)
at u1 → +∞
or explicitly
L+(u) =
(
e−
ipi
2ω
(p−ω′′) 0
0 e
ipi
ω
x e
ipi
2ω
(p−ω′′)
)(
−U U−1 e−
ipi
ω
x
−U−1 U e−
ipi
ω
x
)
,
L−(u) =
(
U −U−1
−U−1 e
ipi
ω
x U e
ipi
ω
x
)(
−e−
ipi
2ω
(p−ω′′) 0
0 e
ipi
2ω
(p−ω′′) e−
ipi
ω
x
)
.
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Initial operator L(u) and operators L±(u) respect the same intertwining relations with trigonometric
R-matrix. Using formulae
e−ipip
2
e±
ipi
ω
xeipip
2
= e±
ipi
ω
xe
ipi
ω
(∓p+ω′) ,
one can check that L−(u) and L+(u) are unitarily equivalent
e−ipip
2
L+(u) eipip
2
= L−(u) . (3.19)
It is possible to reconstruct the initial L-operator in terms of L±-operators
− e
ipi
2ω
ω′′ L1(u, v) = e
−ipi(p2−x12)2 L−1 (v) L
+
2 (u) e
ipi(p2−x12)2
(
e
ipi
2ω
p2 0
0 e−
ipi
2ω
p2
)
, (3.20)
− e
ipi
2ω
ω′′L2(u, v) =
(
e
ipi
2ω
p1 0
0 e−
ipi
2ω
p1
)
eipi(p1−x12)
2
L−1 (v) L
+
2 (u) e
−ipi(p1−x12)2 , (3.21)
where the operators x, p entering Lk ,L
±
k are replaced by xk , pk and x12 = x1 − x2. The proof is
straightforward and it is reduced to a simple direct check using (3.18). This variant of factorization
for the Lax-operator is an analog of the factorization obtained in the context of the chiral Potts
model [15–19], and it expresses the equivalence of the corresponding representations of the RLL-
algebra [20].
Due to relation (3.19) it is possible to use only one reduced operator as a building block. This
leads to yet another variant of factorization [21]. We rewrite (3.20) taking into account (3.19)
−e−
ipi
2ω
ω′′ Lˆ1(u, v) = L
+
1 (v) L
+
2 (u)
(
e
ipi
2ω
(p1+x12) 0
0 e−
ipi
2ω
(p1+x12)
)
where Lˆ1(u, v) is obtained from L1(u, v) by canonical transformation
x1 → X1 ≡ p1 + x1
p1 → P1 ≡ −x1 + p2 + x2 .
Since p1+x12 commutes with X1 and P1 we can impose the constraint p1+x12 = 0 that reproduces
the result of [21].
Let us note that the reduced operators L± are rather well known [13–15]. In order to render
them into the form used in the literature,
L+(u) = −e
ipi
2ω
(u+ω′′)
(
uˆ −eλ vˆ−1
eλ vˆ uˆ−1
)
, λ ≡ −
iπ
2ω
(2u+ ω′′) ,
we need a Weyl pair uˆ, vˆ,
uˆ = e−
ipi
2ω
p , vˆ = e
ipi
ω
xe
ipi
2ω
(p−ω′′) , uˆ vˆ = q vˆ uˆ .
4 Basic intertwining relations
Note that interchange u1 ⇄ u2 is equivalent to the substitution s → −s. L-operators (3.16) are
linear in generators Es ,Ks ,Fs and E˜s , F˜s , K˜s so that the set of intertwining relations (2.5) is
equivalent to a single matrix relation
Du2−u1(p) L(u1, u2) = L(u2, u1)Du2−u1(p) (4.22)
or, more explicitly, taking into account factorization relation (3.18)
Du2−u1(p)Mu2(x)H(p)Nu1(x) = Mu1(x)H(p)Nu2(x)Du2−u1(p) . (4.23)
In the following we indicate formulae only for the L-operator (3.16) and all relations for the L˜-
operator have the same form with ω ⇄ ω′.
5
4.1 Duality transformation
To proceed further let us note that transformation p→ −x and x→ p preserves canonical commu-
tation relation. Consequently, applying this transformation to generators in the representation πs
(2.3) one finds that they remain to fulfil commutation relations of the modular double (2.1). We
refer to corresponding L-operator as dual. The intertwining relation (4.23) subjected to this duality
transformation takes the form
Du2−u1(x) ·Mu2(p)H(−x)Nu1(p) = Mu1(p)H(−x)Nu2(p) ·Du2−u1(x) (4.24)
where we used that Du2−u1(−x) = Du2−u1(x) (see (2.11)). This observation allows us to prove the
second intertwining relation
Du1−v2(x12) L1(u1, u2) L2(v1, v2) = L1(v2, u2) L2(v1, u1)Du1−v2(x12) (4.25)
which will be used in the next Section to construct the general R-operator.
Indeed, similarly to (4.24) the transformation
p→ x21 ≡ x2 − x1 , x→ p1 (4.26)
of the relation (4.23) leads to intertwining relation
Du1−v2(x12)Mu1(p1)H(x21)Nv2(p1) = Mv2(p1)H(x21)Nu1(p1)Du1−v2(x12) . (4.27)
Further we note that dual L-operator in the previous formula can be factorized as follows
Mu1(p1)H(x21)Nv2(p1) = −ie
−ipi
2ω
x21H(p1)Nu1(x1)Mv2(x2)H
−1(p1)
(
−e
ipiω
′
2ω 0
0 e−
ipiω
′
2ω
)
.
Substituting the latter formula in (4.27) and taking into account that Du1−v2(x12) commutes with
p1 + p2 so that
H(p2)Du1−v2(x12)H
−1(p2) = H(p1)Du1−v2(x12)H
−1(p1)
one obtains
Du1−v2(x12)H(p1)Nu1(x1)Mv2(x2)H(p2) = H(p1)Nv2(x1)Mu1(x2)H(p2)Du1−v2(x12) .
This relation is equivalent to (4.25) in view of factorization relation (3.18).
4.2 Basic intertwining relations for L±-operators
We take into account local factorization (3.20) and rewrite intertwining relation (4.22) using formula
eipi(p2−x12)
2
p1e
−ipi(p2−x12)2 = p1 + p2 − x12 in the following form
Dv−u(p1 + p2 − x12) L
−
1 (v) L
+
2 (u) = L
−
1 (u) L
+
2 (v)Dv−u(p1 + p2 − x12) . (4.28)
Relation between two reduced L-operators (3.19) allows to rewrite it in another form
Dv−u(x12) L
+
1 (v) L
−
2 (u) = L
+
1 (u) L
−
2 (v)Dv−u(x12) , (4.29)
and also
Dv−u(p2 − x12) L
+
1 (v) L
+
2 (u) = L
+
1 (u) L
+
2 (v)Dv−u(p2 − x12) ,
Dv−u(p1 − x12) L
−
1 (v) L
−
2 (u) = L
−
1 (u) L
−
2 (v)Dv−u(p1 − x12) .
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5 The R-operator
Now we proceed to construct the general R-operator acting in the tensor product of two represen-
tations πs1 ⊗ πs2 (2.3). To do it we solve the RLL-relation (1.2). It is convenient to extract from
the R-matrix the permutation operator R12(u) = P12R12(u), where the permutation operator in-
terchanges arguments, P12 Φ(z1, z2) = Φ(z2, z1). Then we obtain the RLL-relation with L-operator
(3.16)
R(u) L1(u1, u2) L2(v1, v2) = L1(v1, v2) L2(u1, u2)R(u) (5.30)
and the analogous one for the second L˜-operator
R(u) L˜1(u1, u2) L˜2(v1, v2) = L˜1(v1, v2) L˜2(u1, u2)R(u) . (5.31)
Here subscripts 1, 2 in L-operators denote distinct quantum spaces in πs1⊗πs2 where corresponding
operators act nontrivially. The spin parameters s1, s2 and spectral parameters u, v are related with
four parameters appearing in the RLL-relation according to (3.17). We combine these parameters
in one set in the following order u ≡ (u2, u1, v2, v1) and use notation R(u) to show explicitly the
dependence of the R-operator on all parameters.
Let us emphasize that the general R-operator is the same in (5.30) and (5.31). As we will see
shortly it is invariant under ω ⇄ ω′.
Further we propose two constructions of the R-operator.
5.1 The first construction
The equation (5.30) admits a natural interpretation: the R-operator interchanges the set of param-
eters (u1, u2) in the first L-operator with the set of parameters (v1, v2) in the second L-operator.
The operator R(u) corresponds to a particular permutation s in the group of permutations of four
parameters S4:
s→ R(u) ; su ≡ s (u2, u1, v2, v1) = (v2, v1, u2, u1).
Any permutation from the group S4 can be composed from the elementary transpositions s1, s2,
and s3:
s1u = (u1, u2, v2, v1) , s2u = (u2, v2, u1, v1) , s3u = (u2, u1, v1, v2) ,
which interchange only two nearest neighboring elements
(
s1︷ ︸︸ ︷
u2 , u1 ,
s3︷ ︸︸ ︷
v2 , v1) ; (u2 ,
s2︷ ︸︸ ︷
u1 , v2 , v1) .
It is natural to search for the operators representing these elementary transpositions in L-operators.
Namely, we demand that Si(u) obey the following defining relations
S1(u) L1(u1, u2) = L1(u2, u1) S1(u) ; S3(u) L2(v1, v2) = L2(v2, v1) S3(u), (5.32)
S2(u) L1(u1, u2) L2(v1, v2) = L1(v2, u2) L2(v1, u1) S2(u) . (5.33)
In the previous Section we have already seen these relations. Indeed (4.22) leads to
Du2−u1(p1) L1(u1, u2) = L1(u2, u1)Du2−u1(p1) ; Dv2−v1(p2) L2(v1, v2) = L2(v2, v1)Dv2−v1(p2)
and (4.25) can be reformulated as
Du1−v2(x12) L1(u1, u2) L2(v1, v2) = L1(v2, u2) L2(v1, u1)Du1−v2(x12) ,
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so that we have the following identification
S1(u) = Du2−u1(p1) ; S2(u) = Du1−v2(x12) ; S3(u) = Dv2−v1(p2) .
The operator R(u) corresponds to a particular permutation s = s2s1s3s2 in the group S4. We have
the following correspondence between permutations and operators
si −→ Si(u) ; sisj −→ Si(sju) Sj(u) ; sisjsk −→ Si(sjsku) Sj(sku) Sk(u) . . . , (5.34)
and it is easy to see that the composite operator
R(u) = S2(s1s3s2u) S1(s3s2u) S3(s2u) S2(u)
satisfies equation (5.30). In explicit form we have
R(u) = Du2−v1(x12)Du1−v1(p2)Du2−v2(p1)Du1−v2(x12) . (5.35)
This operator is invariant under ω ⇄ ω′ so that it solves both RLL-relations (5.30), (5.31).
Let us rewrite this expression using spectral parameter and initial spin parameters. The R-
operator depends only on the difference of spectral parameters u − v so that taking into account
(3.17) and substituting u− v → u one obtains
R12(u) = Du−(s1+s2)/2(x12)Du−(s1−s2)/2(p2)Du+(s1−s2)/2(p1)Du+(s1+s2)/2(x12) . (5.36)
In view of (2.15) R-operator can also be rewritten as an integral operator
R12(u)Φ(x1, x2) =
∫
dx′1dx
′
2Du−(s1+s2)/2(x1 − x2)D−ω′′−u+(s1−s2)/2(x2 − x
′
2)· (5.37)
·D−ω′′−u−(s1−s2)/2(x1 − x
′
1)Du+(s1+s2)/2(x
′
1 − x
′
2)Φ(x
′
1, x
′
2) .
Note that we use a common notation R12(u) for R-operator. Subscripts 1, 2 denote quantum spaces
where the operator acts nontrivially, and we indicate only the dependence on the spectral parameter
u skipping all other parameters for simplicity. The R-operator can be represented in two forms which
are complementary to each other: as a function of operator argument (5.36) and as an integral
operator (5.37).
We have constructed operator R12(u) which solves RLL-relations (5.30), (5.31) and now we
have to check that corresponding operator with permutation R12(u) = P12R12(u) respects the
Yang-Baxter equation
R12(u− v)R13(u)R23(v) = R23(v)R13(u)R12(u− v)
in the tensor product πs1 ⊗ πs2 ⊗ πs3 . We state that if two following Coxeter relations take place
s1s2s1 = s2s1s2 −→ S1(s2s1u) S2(s1u) S1(u) = S2(s1s2u) S1(s2u) S2(u) , (5.38)
s2s3s2 = s3s2s3 −→ S2(s3s2u) S3(s2u) S2(u) = S3(s2s3u) S2(s3u) S3(u) , (5.39)
then the Yang-Baxter equation is satisfied. For more details see [22–24].
Relations (5.38) and (5.39) are equivalent to the relations
Du(p1)Du+v(x12)Dv(p1) = Dv(x12)Du+v(p1)Du(x12) , (5.40)
Du(p2)Du+v(x12)Dv(p2) = Dv(x12)Du+v(p2)Du(x12) (5.41)
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which are reduced to the known star-triangle relation [8, 12]
Du(p) Du+v(x) Dv(p) = Dv(x) Du+v(p) Du(x) . (5.42)
This relation can be rewritten in the integral form due to (2.15)
A(u)A(v)
A(u+ v)
+∞∫
−∞
dx′′ D−ω′′−u(x− x
′′)Du+v(x
′′)D−ω′′−v(x
′′ − x′) = Dv(x)D−ω′′−u−v(x− x
′)Du(x
′)
and it is a special example of the integral relation [9, 25] for the D-functions
A(a)A(b)A(c)
+∞∫
−∞
Da(z − z1)Db(z − z2)Dc(z − z3) =
= D−ω′′−a(z2 − z3)D−ω′′−b(z3 − z1)D−ω′′−c(z1 − z2) at a+ b+ c = −2ω
′′ . (5.43)
The generalization of Faddeev-Volkov type solution of star-triangle relation is discussed in [26].
5.2 The second construction
In this section we shall reproduce the solution of the RLL-relation using a different approach based
on the factorization of the L-operator in terms of L±-operators (3.20), (3.21).
The initial RLL-relation for the operator R(u)
R(u) L1(u1, u2) L2(v1, v2) = L1(v1, v2) L2(u1, u2)R(u)
is equivalent to the relation
Rab(u) L−a (u2) L
+
1 (u1) L
−
2 (v2) L
+
b (v1) = L
−
a (v2) L
+
1 (v1) L
−
2 (u2) L
+
b (u1)R
ab(u) , (5.44)
for the operator Rab(u) which is obtained from R(u) by similarity transformation
Rab(u) = eipi(pb−x2b)
2
e−ipi(pa−xa1)
2
R(u) eipi(pa−xa1)
2
e−ipi(pb−x2b)
2
.
Here xa1 = xa−x1, x2b = x2−xb and the operators x, p entering L
±
a and L
±
b are replaced by xa , pa
and xb , pb, respectively.
To transform the initial RLL-relation to the form (5.44) we multiply it by simple diagonal matrix
diag
(
e−
ipi
2ω
pa , e
ipi
2ω
pa
)
from the left hand side and by diag
(
e−
ipi
2ω
pb , e
ipi
2ω
pb
)
from the right hand side
and take into account local factorization (3.20)-(3.21).
Using the interchange relations (4.28) and (4.29) it is easy to check that operator
Rab(u) = Du2−v1(x12)Du2−v2(pa + p1 − xa1)Du1−v1(p2 + pb − x2b)Du1−v2(x12)
solves the relation (5.44). Then after needed similarity transformation we reproduce the expression
for the operator R(u) from the previous Section
R(u) = eipi(pa−xa1)
2
e−ipi(pb−x2b)
2
Rab(u) eipi(pb−x2b)
2
e−ipi(pa−xa1)
2
=
= Du2−v1(x12)Du2−v2(p1)Du1−v1(p2)Du1−v2(x12) .
This construction is based on two local factorization formulae (3.20), (3.21), connection between
two reduced L-operators (3.19) and the expression for intertwining operator (2.13).
Note that the first construction of R-operator is the same as for elliptic modular double [24].
In principle all needed formulae can be obtained by some reduction from the elliptic case but the
direct approach is much simpler.
We do not know the analog of the second construction in elliptic situation. In Appendix we
show for completeness how it works for the group SL(2,C).
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6 Reductions of the general R-operator
In this section we show that universal R-matrix R12 and its Yang-Baxterized version R12(u) can
be extracted from the constructed R-operator. Let us perform certain reductions of the R-operator
with permutation R12(u) = P12R12(u) where R12(u) is given by (5.36).
Using asymptotic behaviour: γ(z)→ 1 for ℜ(z)→ +∞ and reflection formula (2.9) we obtain
e4pii(u+v)
2
e2piivp1 R12(u+ v) e
−2piivp1 →R12(u) at v → +∞ (6.45)
where
R12(u) = e
4piiu2
P12
e−2pii(u+
s1+s2
2
)x12
γ(−x12 +
s1+s2
2 + u)
e2pii(u+
s2−s1
2
)p2
γ(p2 +
s2−s1
2 + u)
e−2pii(u+
s1−s2
2
)p1
γ(−p1 +
s1−s2
2 + u)
e2pii(u−
s1+s2
2
)x12
γ(x12 −
s1+s2
2 + u)
.
It is easy to check that dependence on the spectral parameter is defined by a simple similarity
transformation
R12(u) = e
−2piiup1 R12 e
2piiup1 , (6.46)
where
R12 = P12
e−pii(s1+s2)x12
γ(−x12 +
s1+s2
2 )
epii(s2−s1)p2
γ(p2 +
s2−s1
2 )
e−pii(s1−s2)p1
γ(−p1 +
s1−s2
2 )
e−pii(s1+s2)x12
γ(x12 −
s1+s2
2 )
. (6.47)
The operator R12 respects Yang-Baxter equation without spectral parameters
R23R13R12 = R12R13R23 . (6.48)
As a direct consequence of this relation we immediately obtain the Yang-Baxter equation
R23(v)R13(u)R12(u− v) = R12(u− v)R13(u)R23(v)
for the operator R12(u) (6.46).
The operator (6.47) plays the role of the universal R-matrix for the modular double. In this
form it first appeared in the paper [5] where it has been obtained after some nontrivial calculations
starting with expression for universal R-matrix in terms of quantum algebra generators [2].
The simplest way to prove (6.48) is to start from the Yang-Baxter equation
R23(v)R13(u)R12(u− v) = R12(u− v)R13(u)R23(v) (6.49)
and to perform the appropriate reductions. We have
R23(v) · e
2piiup1 R13(u) e
−2piiup1 e2piivp1 e2pii(u−v)p1 R12(u− v)e
−2pii(u−v)p1 e−2piivp1 =
= e2piivp1 e2pii(u−v)p1 R12(u− v) e
−2pii(u−v)p1 e−2piivp1 e2piiup1 R13(u) e
−2piiup1 R23(v) ,
so that it is possible to take the limit u → +∞ in the underlined factors by means of (6.45). In
view of translation invariance of the operator (6.47): [R12, p1 + p2] = 0, one obtains
e2piivp2 R23(v) e
−2piivp2 R13R12 = R12R13 e
2piivp2 R23(v) e
−2piivp2 ,
and taking the limit v →∞ in the underlined factors we obtain the Yang-Baxter relation (6.48).
Note that there exists the additional three-term relation
R23(v)R13(u)R12(u− v) = R12(u− v)R13(u)R23(v) , (6.50)
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and corresponding analog of the RLL-relation
R12(u− v) ℓ1(u) L2(v) = L2(v) ℓ1(u)R12(u− v) , (6.51)
R12(u− v) L1(u) ℓ2(v) = ℓ2(v) L1(u)R12(u− v) , (6.52)
where operators ℓ, ℓ are obtained by some reduction from the standard L-operator
e−
ipi
ω
v e2piipv L(u+ v) e−2piipv → ℓ(u) ≡
(
e
ipi
ω
uKs 0
es e
ipi
ω
uK−1s
)
, for v → +∞ ,
−e
ipi
ω
v e2piipv L(u+ v) e−2piipv → ℓ(u) ≡
(
e−
ipi
ω
uK−1s −fs
0 e−
ipi
ω
uKs
)
, for v → −∞ .
(6.53)
To derive (6.50) we again start with the Yang-Baxter equation (6.49) and transform it as follows
R23(v) e
2piiwp1 R13(u+ w) e
−2piiwp1 e2piiwp1 R12(u− v + w)e
−2piiwp1 =
= e2piiwp1 R12(u− v + w) e
−2piiwp1 e2piiwp1 R13(u+ w) e
−2piiwp1 R23(v) .
Then we take the limit w→∞ in the underlined factors and obtain (6.50).
The formulae (6.51) and (6.52) are consequence of the standard RLL-relation
R12(u− v) L1(u) L2(v) = L2(v) L1(u)R12(u− v) .
For example, to derive (6.51) we transform it to the form
e2piiwp1 R12(u− v + w) e
−2piiwp1 e2piiwp1 L1(u+ w) e
−2piiwp1 L2(v) =
= L2(v) · e
2piiwp1 L1(u+ w) e
−2piiwp1 · e2piiwp1 R12(u− v + w) e
−2piiwp1
and take the limit w → +∞ using evident formulae for similarity transformation of the generators
in representation (2.3)
e2piiup es e
−2piiup = e
pii
ω
u es , e
2piiup fs e
−2piiup = e−
pii
ω
u fs .
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Appendices
A The R-operator with SL(2,C)-symmetry
In this Appendix we adopt the R-operator construction of the Subsection 5.2 for SL(2,C) group.
We start with holomorphic L-operator
L(u1, u2) =
(
1 0
z 1
)(
u1 −∂
0 u2
)(
1 0
−z 1
)
,
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and performing the limits u1 →∞ or u2 →∞ we produce a pair of reduced L-operators
L+(u1) =
(
u1 −∂
0 1
)(
1 0
−z 1
)
, L−(u2) =
(
1 0
z 1
)(
1 −∂
0 u2
)
.
In the following we omit the antiholomorphic sector (for more details see [23]). It can be checked
that local factorizations take place (cf. (3.20)-(3.21))
L−1 (v) L
+
2 (u) = e
−z1∂2 L1(u, v)
(
1 0
−z2 1
)
ez1∂2 , (A.1)
L−1 (v) L
+
2 (u) = e
−z2∂1
(
1 0
z1 1
)
L2(u, v) e
z2∂1 . (A.2)
Then we take into account the intertwining relation (cf. (4.22))
∂v−u1 L1(u, v) = L1(v, u) ∂
v−u
1 ,
multiply it by the matrix
(
1 0
−z2 1
)
on the right, apply (A.1) and e−z1∂2∂v−u1 e
z1∂2 = (∂1+∂2)
v−u
that gives the intertwining relation for L−1 L
+
2 (cf. (4.28)),
(∂1 + ∂2)
v−u L−1 (v) L
+
2 (u) = L
−
1 (u) L
+
2 (v) (∂1 + ∂2)
v−u . (A.3)
To obtain a similar intertwining relation for L+1 L
−
2 we note that the composition of the matrix
similarity transformation and the canonical transformation connects L+ and L− (cf. 3.19),(
0 1
1 0
)
L−(u)
(
0 1
1 0
)∣∣∣∣
z→−∂, ∂→z
= L+(u) ,
(
0 1
1 0
)
L+(u)
(
0 1
1 0
)∣∣∣∣
z→∂, ∂→−z
= L−(u) ,
that leads to (cf. (4.29))
zv−u12 L
+
1 (v) L
−
2 (u) = L
+
1 (u) L
−
2 (v) z
v−u
12 . (A.4)
Our aim is to construct the operator R(u) which solves RLL-relation
R(u) L1(u1, u2) L2(v1, v2) = L1(v1, v2) L2(u1, u2)R(u) .
We multiply it by
(
1 0
za 1
)
on the left and by
(
1 0
−zb 1
)
on the right, substitute (A.1) and
(A.2) that leads to
Rab(u) L−a (u2) L
+
1 (u1) L
−
2 (v2) L
+
b (v1) = L
−
a (v2) L
+
1 (v1) L
−
2 (u2) L
+
b (u1)R
ab(u) , (A.5)
Rab(u) = e−z1∂ae−z2∂b R(u) ez1∂aez2∂b .
We can easily solve (A.5) and find Rab due to (A.3) and (A.4),
Rab(u) = zu2−v112 (∂a + ∂1)
u2−v2(∂2 + ∂b)
u1−v1zu1−v212 .
Applying the relation between Rab(u) and R(u) we obtain (cf. (5.35))
R12(u) = z
u2−v1
12 ∂
u2−v2
1 ∂
u1−v1
2 z
u1−v2
12 .
Taking into account the antiholomorohic sector the modification of the latter R-operator arises than
can be rewritten in the integral form which is analogous to (5.37) [23].
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